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Abstract
Starting from relativistic mass-less Madelung fluid, we shall develop a class of typical wave
functions by imposing it to maximize Shannon entropy given its finite average quantum potential.
We show that there is a class of solutions in which the wave function is spatiotemporally localized
with finite spacetime support, uniformly moving hence stationary. It turns out that the quantum
amplitude satisfies Klein-Gordon equation with emergent mass term proportional to the square root
of average quantum potential. We show that there is physical time uncertainty which decreases
as the mass increases. We also rederive the classical energy-momentum relation provided the de
Broglie-Einstein relation holds. In this case, the time uncertainty is proportional to the inverse of
classical energy.
PACS numbers: 03.65.Pm; 03.65.Ge
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Introduction: relativistic Madelung fluid — In Ref. [1], working with two dimensional
Madelung fluid dynamics [2], we asked the following question: what is the typical wave
functions of a single free particle given its energy. By typical wave functions we meant the
class of wave functions which maximizes Shannon entropy given some constraints [3, 4, 5].
We showed that there is a class of solutions in which the wave functions is self-trapped with
finite-size spatial support, rotationally symmetric, spinning around its center, yet stationary.
In this paper we shall carry out its relativistic extention for the non-rotating case.
Starting from relativistic mass-less Madelung fluid dynamics, we shall develop a class of
self-trapped spacetime wave function with finite-size spacetime support, uniformly moving
thus stationary; and maximizes Shannon entropy given its average quantum potential. We
then show that its quantum amplitude satisfies Klein-Gordon equation with emergent mass
term proportional to the square root of average quantum potential. We show that there is
physical time uncertainty which decreases as the mass increases and eventually vanishes for
infinite mass. We will also show that the ordinary classical energy-momentum relation holds
if the de Broglie-Einstein relation is satisfied. In this case, the time uncertainty is shown to
be proportional to the inverse of classical energy.
First, the state of relativistic Madelung fluid in configuration spacetime qa = {ct, x, y, z},
where c denotes the velocity of light, is uniquely determined by a pair of fields {ρ(q), va(q)}.
ρ(q) is a scalar field kept to be normalized, thus the name quantum probability density.
Whereas va = dqa/dτ , τ is proper time, is a four velocity vector field. From now on, the
term wave function in this paper is used to refer to a pair of fields {ρ(q), va(q)}. Let us
assume that their dynamics is governed by the following coupled covariant equations:
dva
dτ
= −∂aU, ∂ρ
∂τ
+ ∂a
(
ρva
)
= 0. (1)
Here U(q; τ) is a scalar field called as quantum potential generated by quantum probability
density as
U(q; τ) =
~
2
2
I
I
, (2)
where I(q) ≡ ρ1/2(q) is quantum amplitude and  ≡ (1/c2)∂2t −∂2x−∂2y−∂2z is d’Alembertian
operator. Due to its formal similarity with the Euler equation in hydrodynamics, the term
on the right hand side of the left equation in Eq. (1), F a = −∂aU , is called as quantum
force field.
2
FIG. 1: The radial profile of the spherically symmetric self-trapped spatial quantum probability
densities ρs(r) (solid lines) and their corresponding quantum potentials Us(r) (dashed lines), for
several small values of T . The quantum potential is shifted down so that its minimum is equal to
zero. See text for detail.
Typical – self-traped quantum probability density with finite average quantum potential —
Let us consider the following optimization problem:
maximize: H [ρ] = −
∫
dq ρ(q) ln ρ(q),
constraint: U¯ =
∫
dq U(q)ρ(q) ≡ Utot. (3)
H [ρ] is but Shannon entropy over the quantum probability density ρ(q). This is the so-called
maximum entropy principle, giving us the most probable, hence typical ρ(q) whose average
quantum potential is Utot. The solution of Eq. (3) is given by [6]:
ρ(q) =
1
Z(T )
exp
(
− U(q)
T
)
, (4)
where T is the Lagrange constant below chosen to be non-negative and Z(T ) is a normal-
ization factor. Notice that together with the definition of quantum potential given in Eq.
(2), Eq. (4) comprises a differential equation for U(q) or ρ(q) subjected to the condition
that ρ(q) must be normalized. In term of U(q), one has to solve the following nonlinear
differential equation:
−U = 1
2T
∂aU∂aU +
4T
~2
U. (5)
One observes that the above differential equation is invariant under Lorentz transformation.
Hence, given a solution U(q) then a function U(q′), where q′a = Λabq
b and Λab is Lorentz
transformation, is also a solution of Eq. (5).
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Let us develop a class of solutions in which the quantum probability density is being
trapped by the quantum potential it itself generates [1]. To do this, let us assume that there
is an inertial frame so that the quantum probability density is separable into its spatial and
temporal parts as follows:
ρ(q) = ρs(x)ρt(t), x = {x, y, z}. (6)
In this case, the quantum potential can be decomposed as U(q) = Us(x) + Ut(t), where
Us(x) = −~
2
2
∂2
x
Is
Is
, Ut(t) =
~
2
2c2
∂2t It
It
. (7)
Here, Ii ≡ ρ1/2i with i = s, t; and ∂2x ≡ ∂x · ∂x where ∂x = {∂x, ∂y, ∂z}. The condition of Eq.
(6) is not Lorentz invariant so is the resulting class of solutions we are going to develop. Yet,
we shall show that its nontrivial property will be shown to be Lorentz invariant. Equation (5)
can thus be collected as ∂2
x
Us−(1/2T )∂xUs ·∂xUs−(4T/~2)Us = (1/c2)∂2tUt−(1/2T )(∂tUt)2+
(4T/~2)Ut = D, where D is constant. Below we shall take the case when D = 0. One thus
has to solve the following decoupled pair of nonlinear differential equations:
∂2
x
Us − 1
2T
∂
x
Us · ∂xUs − 4T
~2
Us = 0,
1
c2
∂2t Ut −
1
2T
(∂tUt)
2 +
4T
~2
Ut = 0. (8)
To proceed, let us first discuss the spatial part by solving the upper differential equation
in Eq. (8). To do this, let us confine ourself to a class of solutions which is spherically
symmetric. In this case, one has to solve
∂2rUs(r) +
2
r
∂rUs(r)− 1
2T
(
∂rUs(r)
)2 − 4T
~2
Us(r) = 0, (9)
where r =
√
x2 + y2 + z2. Figure 1 shows the numerical solutions of Eq. (9) with the
boundary condition: ∂rUs(0) = 0 and Us(0) = 1, for several small values of T . The reason
for choosing small T will be clear later. One can see that the spatial part of quantum
probability density ρs(r) is being trapped by its own self-generated quantum potential Us(r)
[1]. Moreover, there is a finite distance r = rm at which Us(rm) is infinite so that ρs(rm)
is vanishing. Hence, the self-trapped quantum probability density possesses only finite-size
spatial support,Ms, which takes the form of a three dimensional ball of radius rm. See Fig.
2. Fixing ∂rUs(0) = 0, all these numerical observations are valid for any positive Us(0) [7].
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FIG. 2: The log-log plot of the radius rm of the three dimensional ball (inset) of spatial support
againts T .
Let us see what happens if one varies the parameter T . Figure 2 shows the values of rm
as a function of T obtained by numerically solving the differential equation of Eq. (9) with
fixed boundary condition: ∂rUs(0) = 0, Us(0) = 1. One can see that as we increase T , rm
decreases, and eventually vanishes for infinite value of T . This shows that ρs(r) is converging
toward a delta function for infinite T . More interesting fact is seen for the opposite limit
of vanishing T . One observes that limT→0 rm(T ) = r0, where r0 is finite. This fact suggests
to us that at T = 0, the spatial quantum probability density and thus its corresponding
quantum potential are converging toward certain functions. Let us discuss this asymptotic
situation in more detail.
First, one can see in Fig. 1 that as T decreases, the quantum potential inside the spatial
support is getting flatterer before becoming infinite at the boundary surface, r = rm(T ).
One may then guess that at T = 0, the quantum potential is perfectly flat inside the ball
of spatial support and is infinite at its surface boundary, r = r0. Guided by this guess, let
us calculate the profile of the spatial quantum probability density for vanishing value of T ,
limT→0 ρs(r;T ) ≡ ρs0(r). To do this, let us denote the assumed positive definite constant
value of the quantum potential inside the support as Us0. Recalling the definition of spatial
quantum potential given in Eq. (7) and exploiting its spherical symmetry one has
∂2q Is0(r) = ∂
2
r Is0(r) +
2
r
∂rIs0(r) = −
2Us0
~2
Is0(r), (10)
where Is0 ≡ √ρs0 . The above differential equation must be subjected to the spatial boundary
condition: ρs0(r0) = I
2
s0(r0) = 0. Solving Eq. (10) one has
Is0(r) = As0sa(k0r), (11)
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FIG. 3: The profile of self-trapped ρt(t) (solid line) and its corresponding Ut(t) (dashed line) for
several small values of T . See text for detail.
where sa is sinc function, As0 is normalization constant and k0 =
√
2Us0/~
2. The boundary
condition implies k0r0 = pi. Figure 1 shows that as T decreases toward zero, ρs(r;T ) obtained
by numerically solving Eq. (9) is indeed converging toward ρs0(r) obtained in Eq. (11). This
observation thus confirms our guess that at T = 0, the spatial quantum potential is flat inside
the spatial support Ms and is infinite at its surface boundary.
Next let us discuss the temporal part of quantum probability density ρt(t) by solving
the lower differential equation in Eq. (8). In particular, we are interested to investigate
the behavior of ρt(t) at the limit T → 0, if it exists. Figure 3 shows the solution with the
boundary: ∂tUt(0) = 0 and Ut(0) ≡ Ut0 = −1. ρt(t) and the corresponding Ut(t) are plotted
for several small values of T . One can again see similar phenomena with the spatial part,
namely ρt(t) is being self-trapped by the corresponding Ut(t). The symmetry ρt(−t) = ρt(t)
is obvious and can be traced back to the differential equation of Eq. (8). One also sees that
the support of ρt(t) is finite given by the interval Mt = [−ta, ta]. ta is smaller for smaller
T and is eventually converging toward a finite value for vanishing T , limT→0 ta ≡ t0. This
again shows that at T = 0, ρt(t) will converge toward some function, limT→0 ρt(t) ≡ ρt0(t).
Let us remark before proceeding that all the numerical observations concerning Ut(t) in this
paper is valid for any negative value of Ut(0) [7].
Proceeding in the same way as for the spatial part, let us calculate ρt0(t). To do this,
first one observes that as T is approaching zero, Ut(t) is getting flatterer inside the support
before becoming infinite at the boundary points, t = ±ta(T ). Again, let us guess that at
T = 0, the temporal quantum potential is perfectly flat inside the support Mt, given by
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Ut0 < 0; and is infinite at t = ±t0. Recalling the definition of Ut(t) given in Eq. (7), one has
~
2
2c2
∂2t It0 = Ut0It0 . (12)
Here It0 ≡ ρ1/2t0 . The above differential equation must be subjected to the boundary condi-
tion: It0(±t0) = 0. Solving Eq. (12), one obtains:
It0(t) = At0 cos(ω0t). (13)
Here At0 is a normalization constant and ω0 is related to the quantum potential as ω0 =√
(−2c2Ut0/~2). The boundary imposes: ω0t0 = pi/2. One finally sees in Fig. 3 that as one
decreases T toward zero, ρt(t;T ) obtained by solving the lower differential equation in Eq.
(8) is indeed converging toward ρt0(t) given in Eq. (13). This again justifies our guess that
at T = 0, Ut(t) is perfectly flat inside Mt, and is infinite at t = ±t0.
Stationary spacetime wave function and emergent mass — Hence, in total, at T = 0,
ρ0(r, t) ≡ ρs0(r)ρt0(t) satisfies the differential equation of Eq. (5). Notice that the spacetime
support of ρ0(q) is composed by Mst ≡ Ms ⊗Mt. Inside Mst, the quantum potential is
thus flat given by
U(q) = Us0 + Ut0 =
1
2
(
~
2k2
0
− ~
2ω2
0
c2
)
≡ U0. (14)
One therefore observes that at T = 0, the quantum force is vanishing inside the spacetime
support, ∂aU = 0. Below we shall proceed to consider only the case of vanishing T , T = 0.
Now, at τ = 0, let us choose the following initial wave function, {ρ0(q), v a0 (q)}. Here
ρ0(q) = ρs0(r)ρt0(t) and v
a
0
(q) is a uniform velocity vector field having non-vanishing value
only inside the spacetime support Mst, that is v a0 (q) = v aC , where v aC is a constant four
velocity vector. Since at τ = 0 the quantum force is vanishing, then initially one has
dva/dτ = 0. Hence, at infinitesimal lapse of proper time, τ = ∆τ , the velocity field is kept
uniform and constant. This in turn will shift the initial quantum probability density in
spacetime by ∆qa = v aC∆τ , while keeping its profile unchanged: ρ(q; ∆τ) = ρ0(q
a − v aC∆τ).
Accordingly, the spacetime support will also be shifted by the same amount. The same thing
will happen for the next infinitesimal lapse of proper time and so on. Hence, at finite lapse
of proper time, the velocity field is kept uniform and constant, va(q; τ) = v a
0
(qb−v bCτ). One
therefore finally has: dτρ = ∂τρ+ v
a∂aρ = ∂τρ+ ∂a(ρv
a) = 0, where in the second and third
equalities we have used the uniformity of the velocity field inside the (continuously shifted)
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spacetime support and the continuity equation of Eq. (1). One can thus concludes that the
pair of fields
{ρ(q; τ), va(q; τ)} = {ρ0(qb − v bCτ), v a0 (qb − v bCτ)}, (15)
comprises the stationary wave function of the relativistic Madelung fluid dynamics. Here, q
belongs to the spacetime support at proper time τ , denoted by Mτst.
Next, since inside Mτst, the quantum potential is constant given by U0, one has Utot =∫
dqUρ = U0. Let us proceed to choose a sufficiently large ω0 by picking sufficiently large
|Ut0 | so that Utot = U0 given in Eq. (14) is negative, Utot < 0. This allows us to define a
new quantity m as
Utot = U0 = −
1
2
m2c2, (16)
so that inserting into Eq. (14) one obtains
~
2ω2
0
c2
− ~2k2
0
= m2c2. (17)
Recalling again the definition of quantum potential of Eq. (2), Eq. (16) can be put as
I(q; τ) +
m2c2
~2
I(q; τ) = 0, q ∈Mτst, (18)
where I ≡ ρ1/2.
Now, let us give physical interpretation to the above formalism. First, Eq. (18) is but
the Klein-Gordon equation with mass term m. One however should keep in mind that in
contrast to the conventional Klein-Gordon equation, ρ(q; τ) = I2(q; τ) can be unambiguously
regarded as probability density; and most importantly, the differential equation of Eq. (18)
must be subjected to the boundary condition that I(q; τ) is vanishing at the surface boundary
of the spacetime support, Mτst. One can also see that though I(q) is not Lorentz invariant,
m is.
Next, assuming that the de Broglie-Einstein relation is satisfied: E = ~ω0 and p
2 =
~
2k2
0
, where E and p are classical energy and linear momentum respectively, then Eq. (17)
translates into
E2
c2
− p2 = m2c2. (19)
The above is but the classical energy-momentum relation. Since one can choose k0 and ω0
independently of p and E, then the above result opens the possibility of the violation of
classical energy-momentum relation provided that the de Broglie-Einstein relation is not
satisfied.
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Finally, at any physical time t, the stationary-moving spacetime wave function possesses
finite time uncertainty given by: ∆t ≡ 2t0. Using the boundary condition for temporal part
of quantum probability density, one has
∆t =
pi
ω0
=
pi~
c
√
~2k2
0
+m2c2
≡ pi~E , (20)
where we have defined E as E2/c2 ≡ ~2k2
0
+ m2c2. Notice that if the de Broglie-Einstein
relation is satisfied then one has E = E. Hence, time uncertainty decreases as one increases
the mass term of the Klein-Gordon equation, m, and eventually vanishes for infinite m. In
particular, if the de Broglie-Einstein relation holds, then one has ∆t = pi~/E.
Conclusion. — To conclude, starting from relativistic mass-less Madelung fluid dynamics,
we have developed a class of spatiotemporally-localized with finite-size spacetime support,
uniformly moving thus stationary spacetime wave functions which maximizes Shannon en-
tropy given its average quantum potential. The last aspect of the wave function allows us
to regard it as typical. It turns out that the quantum amplitude of the wave function satis-
fies Klein-Gordon equation with emergent mass term m proportional to the square root of
the average quantum potential. We also rederived the classical energy-momentum relation
provided that the de Broglie-Einstein relation is satisfied. It is then tempting to interpret
the stationary-moving typical wave function as describing a particle with a given mass m.
Further, we showed that at any physical time t, the stationary-moving spacetime wave
function possesses finite time uncertainty. Namely, the temporal part of the quantum prob-
ability density extends while decays towards finite past and future. We showed that the
physical time uncertainty decreases as m increases and eventually vanishes for infinite m.
In particular, if the de Broglie-Einstein relation holds, then the physical time uncertainty is
proportional to the inverse of classical energy.
Acknowledgments
This work is supported by FPR program at RIKEN.
[1] Agung Budiyono and Ken Umeno, Phys. Rev. A 79, 042104 (2009).
[2] E. Madelung, Zeits. F. Phys. 40, 332 (1926).
9
[3] C. E. Shannon, Bell Systems Technical Journal 27, 379 (1948).
[4] E. T. Jaynes, Physical Review 106, 620 (1949).
[5] J. E. Shore and R. W. Johnson, IEEE Transaction on Information Theory IT-26, 26 (1980).
[6] M. C. Mackey, Reviews of Modern Physics 61, 981 (1989).
[7] Agung Budiyono, in preparation.
10
